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Simulations of SETAR

Simulation of a SETAR model

We simulate the following SETAR(2,1):

yt = (1− I (yt−1 > 1))(0.5− 0.3yt−1)

+I (yt−1 > 1)(0.1 + 0.8yt−1) + εt , (1)

with unit variance for εt (i.e. σ2ε = 1)

We generate 600 observations, but only the last 500 are
considered to avoid dependence to starting values (see Figure)
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Simulations of SETAR

Simulated series for SETAR model
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Simulations of SETAR

Testing TAR models

We apply the Hansen (1997) procedure based on Bootstrap
replications.

The 95% acceptance region of Fs for the null of linearity is
[1.89, 10.51].

As the outcome of the test is 54.92, we strongly reject the
null of linearity, i.e. the series is supposed to have been
generated by a non-linear process



Non-Linear Models Examples

Simulations of SETAR

TAR estimation

We proceeed as follows to estimate the SETAR

1 Prepare a grid of M = 200 possible values for the threshold
c ∈ [−0.05, 1.5]

2 For each i = 1, . . . ,M, generate a dummy Di such that
Di = I (yt−1 > ci )

3 Using OLS estimate the following model for each ci

yt = (1− Di )(φ1,0 + φ1,1yt−1)

+Di (φ2,0 + φ2,1yt−1) + εt , (2)

4 For each i and resulting OLS estimates φ̂i , let’s compute the
variance error term σ̂2t (ci )

5 Search for c∗ = Arg min σ̂2t (ci )



Non-Linear Models Examples

Simulations of SETAR

Variance of residuals for various thresholds ci

We choose c∗ = 1, corresponding to c150
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Simulations of SETAR

Estimated parameters for c∗ = 1
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Simulations of SETAR

Forecasting TAR models

The h = 1-step-ahead forecasts are given by:

ŷT (1) = (1− I (yT > c∗))(φ̂1,0 + φ̂1,1yT )

+I (yT > c∗)(φ̂2,0 + φ̂2,1yT ) + εt , (3)

RMSFE with TAR model is equal to 1.08 compared to 1.23
with a simple AR(1) linear model
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Simulations of SETAR

Forecasts
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Simulations of STAR

Simulation of a STAR model

We simulate the following STAR(2,1):

yt = (2− 0.9yt−1) + G (yt−1, γ, c)(3− 0.8yt−1) + εt ,

with unit variance for εt (i.e. σ2ε = 1) and

G (yt−1, γ, c) =
1

1 + exp(−γ(yt−1 − c)

with γ = 5 and c = 6

Be careful to the interpretation of parameters with this
specification, in low and high regimes
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Simulations of STAR

Simulated series for STAR model
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Simulations of STAR

Testing TAR models

We implement the procedure by Luukkonen, Saikkonen and
Terasvirta (1988)

We use an F-test to test for δ = 0 in the following augmented
model:

yt = η1 + η2x̃t + δx̃tqt + ut ,

where x̃t = yt−1 and qt = γ/4(yt−1 − c)

By simplicity we use the true values of γ and c

As δ is a scalar in this specific case, the F-test boils down to a
Student test for δ (see Table)
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Simulations of STAR

Estimated regression for the STAR test

We reject the null of linearity at very low risk α
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Simulations of STAR

Steps for STAR estimation

1 Prepare a grid of M = 200 possible values for the threshold c
and a grid of K = 200 values for the smoothing parameter γ

2 For each i = 1, . . . ,M, j = 1, . . . ,K compute the function:

G (yt−1, γi , ci ) =
1

1 + exp(−γi (yt−1 − cj)

3 Using OLS estimate the following model linear model We
simulate the following STAR(2,1):

yt = (φ01 + φ11yt−1) + G (yt−1, γi , cj)(φ02 + φ12yt−1) + εt ,

4 For each i , j and resulting estimates φ̂ compute the variance
error term σ̂2t (γi , cj)

5 Search for (γ∗, c∗) = Arg
(γi ,cj )i,j

min σ̂2t (γi , cj)
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Simulations of STAR

Estimation results for STAR

We get c∗ = 6 and γ∗ = 8.6 and:
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Simulations of STAR

Steps for STAR estimation

As an alternative approach, we can use a Maximum
Likelihood estimation

We need to assume the Gaussianity of the error term

In such a case, the difficulty is find correct starting values for
the maximization algorithm

Especially, the value of γ is very difficult to estimate as it is
very sensitive to starting values
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Simulations of STAR

Forecasting TAR models

The h = 1-step-ahead forecasts are given by:

ŷT (1) = (φ̂01 + φ̂11yT ) + G (yT , γ
∗, c∗)(φ̂02 + φ̂12yT )

RMSFE with STAR is equal to 0.95 compared to 1.04 with a
simple AR(1) linear model
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Simulations of STAR

Forecasts



Non-Linear Models Examples

Simulations of Markov-Switching

Simulation of a MS model

We simulate the following MS-AR(2) model:

yt =

{
−0.2 + 1.2yt−1 − 0.3yt−2 + εt , if St = 1

0.2 + 0.4yt−1 − 0.3yt−2 + εt , if St = 2

with unit variance for εt (i.e. σ2ε = 1)

We generate 600 observations, but only the last 500 are
considered to avoid dependence to starting values (see Figure)
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Simulations of Markov-Switching

Simulation of a MS model

We generate the Markov chain state variable supposed to be
here a 2-regime Markov chain with the transition matrix:

η =

(
0.83 0.25
0.17 0.75

)

Conditionally on the generated state variable St , we simulate
the series with different AR(2) dynamics
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Simulations of Markov-Switching

Simulated series for MS-AR(2) model
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Simulations of Markov-Switching

Estimated MS-AR(2) model
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Simulations of Markov-Switching

Estimated MS-AR(2) model
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Simulations of Markov-Switching

Smoothed probability of being in regime 1
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Simulations of Markov-Switching

Forecasting with MS

Weak gains as regards forecasting accuracy

Results in line with the literature (see Ferrara, Marcellino,
Mogliani, IJF, 2015): univariate MS do not perform very well
in terms of forecasting accuracy when compared to linear AR
models

MS models are more useful for turning point detection
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Application: STECM for GDP-Employment

US log-GDP and log-Employment (1950q1 - 2012q3)

9 2

9.6

LGDP

8 4

8.8

9.2

7 6

8.0

8.4

7.2

7.6

50 55 60 65 70 75 80 85 90 95 00 05 10

LEMP

11.6

11.8

11 0

11.2

11.4

10.6

10.8

11.0

10.4
50 55 60 65 70 75 80 85 90 95 00 05 10



Non-Linear Models Examples

Application: STECM for GDP-Employment

Residuals from the long-run relationship

We assume that residuals are I (0) but non-linear
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Application: STECM for GDP-Employment

A Smooth-Transition ECM (STECM)

The STECM model is given by:

∆lempt = α0 + α1∆lempt−1 + α2∆lgdpt + α3∆lgdpt−1 + α4ut−1

+ (α′0 + α′1∆lempt−1 + α′2∆lgdpt + α′3∆lgdpt−1

+ α′4ut−1)× G (Zt , γ, c) + εt

The transition variable Zt is a proxy for the business cycle,
defined by

Zt =
∆lgdpt−2 + ∆lgdpt−3

2
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Application: STECM for GDP-Employment

Estimated STECM
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Application: STECM for GDP-Employment

Estimated STECM: Proba of being in the low regime
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Application: STECM for GDP-Employment

Estimated STECM: Conditional forecasts
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Application: Building an economic cycle indicator

Application: Building an economic cycle indicator

In Darne and Ferrara (2011, Oxford Bulletin of Eco and Stat)
we put forward a cyclical indicator to assess acceleration and
deceleration phases in the euro area using MS models

We define what we mean by acceleration cyle and we provide
a dating chronology

We estimate various MS models on opinion survey series in
order to build a real-time indicator for the peaks and troughs
of this cycle
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Application: Building an economic cycle indicator

Application: Defining the acceleration cycle
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Application: Building an economic cycle indicator

Application: Dating the acceleration cycle



Non-Linear Models Examples

Application: Building an economic cycle indicator

Application: Data
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Application: Building an economic cycle indicator

Application: Estimation of MS models

Estimation of simple MS models with 2 regimes (low: St = 1 and
high: St = 2) and without AR lags:
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Application: Building an economic cycle indicator

Application: Constructing the acceleration cycle index

Starting from estimated filtered probabilies of being in regime
1 or 2 we compute the index as:

It = P(St = 2|Ft)− P(St = 1|Ft)

Thus It ∈ [−1,+1].

When It is close to 1, the economy accelerates and when It is
close to -1 the economy decelerates

When It ∼ 0, we interpret this as a stagnating growth (at any
level)
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Application: Building an economic cycle indicator

Application: Empirical results
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